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Abstract. An initial boundary value problem of hyperbolic partial differential equation derived from
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 1. Introduction
1.1. Problem and motivation of the paper
The main objective of the present paper is the following initial boundary value problem
of hyperbolic partial differential equation with a parameter " > 0.8ˆ<
:ˆ
"u"t t C u"t  u"xx D 0; 0 < x < ; t > 0;
u".0; t/ D u".; t/ D 0; t > 0;
u".x; 0/ D f; u"t .x; 0/ D g; 0 5 x 5 :
(1.1)
Here u" D u".x; t/ denotes the temperature; f D f .x/ and g D g.x/ are given initial data;
" > 0 stands for the relaxation time which is assumed to be very small ("  1); x and t
denote the spatial and temporal variables, respectively.
(1.1)1 (which denotes the first line of (1.1)) is known as a mathematical model of thermal
conduction of a homogeneous and isotropic wire. Moreover, (1.1) can be regarded as an
wave equation with dissipative term. When we regard (1.1) as an wave equation, u D u.x; t/
denotes displacement and ut is velocity of wave, respectively. " > 0 becomes a parameter
associated with characteristic speed of the wave. Below, we mainly consider (1.1) to be the
equation of thermal conduction. When " D 0, (1.1) becomes the classical heat equation
derived from Fourier’s law (see (1.8) below).
In order to state our motivation of the present paper, here we shall show a brief derivation
of the classical heat equation and hyperbolic heat equation. Let  D .y; s/ and q D q.y; s/
denote the temperature and heat flux, respectively; y and s denote the spatial and temporal
variables, respectively. We shall consider the heat conduction of the isotropic wire.
The conservation of thermal energy yields that  and q satisfy
cs.y; s/C qy.y; s/ D 0; 0 < y < L; s > 0; (1.2)
where c D c.y/ and  D .y/ are the specific heat and mass density of the wire, respec-
tively and L is the length of wire. By Fourier’s law of heat conduction, the heat flux is given
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by
q.y; s/ D ky.y; s/; 0 < y < L; s > 0: (1.3)
Here k D k.y/ is the coefficient of heat conductivity. We have assumed that k is indepen-
dent of  for simplicity (If k depends on  , the heat equation is classified into quasi-linear
parabolic equation). Combining (1.2) and (1.3) we obtain the classical heat equation for the
temperature  . In particular, if the wire is homogeneous, then all of c;  and k are assumed
to be constants. In such a situation the heat equation is reduced to the following linear partial
differential equation with constant coefficient.
s  yy D 0; (1.4)
where  D k=c > 0 is the heat diffusivity. Applying suitable scaling of variables which
will be introduced below, we may reduce (1.4) to simpler form (1.8)1. (1.4) (or (1.8)) is well
studied (see e.g., [Fri64, Fol95]). In particular, (1.4) has very strong smoothing property. In
terms of the heat conduction phenomena, the smoothing property means that propagation
speed of the heat is infinity. Of course, such a fact is paradoxical.
In order to rewrite equation of the heat conduction such that the solution has finite speed
of propagation, Cattaneo [Cat49] has modified Fourier’s law as follows (see also [Ver58,
Li97]).
q.y; s C / D ky.y; s/; (1.5)
where  > 0 denotes the relaxation time. (1.5) is called Cattaneo’s law. System of (1.2)
and (1.5) is differential equation with time delay. To escape from time delay, assuming now
that q is smooth enough with respect to s and applying Taylor’s theorem, we have
q.y; s C / D q.y; s/C qs.y; s/CO.2/:
Here and in what follows, O./ denotes Landau’s big symbol. From the above expansion,
we obtained the first approximation of Cattaneo’s law for small relaxation time:
q.y; s/C qs.y; s/ D ky.y; s/: (1.6)
Combining (1.2) and (1.6), we have the following partial differential equation for the tem-
perature  .
ss C s  yy D 0;  D c
k
: (1.7)
Since (1.7) is hyperbolic type PDE, we can expect that the solution of (1.7) has finite speed
of propagation. The above derivation of (1.7) naturally invites comparison with classical
heat equation (1.4). In particular, we shall pay attention to the case  is close to C0.
The heat diffusivity  and length of wire L are important in physics. However, they will
not play essential roles in mathematical treatments which we are going to consider. So, here
we apply suitable scaling of variables and reduce the above equations to simpler forms. To
do so, set t D `2s=L2 and x D `y=L with an ` > 0 and define new unknown function u
by u.x; t/ WD .y; s/. One can easily see that 0 5 x 5 ` and t = 0, because 0 5 y 5 L
and s = 0. By virtue of the differential formula of composite functions, we have
s.y; s/ D `
2
L2
ut.x; t/; ss.y; s/ D 
2`4
L4
ut t.x; t/; yy.y; s/ D `
2
L2
uxx.x; t/:
Hence from (1.4) and (1.7), we obtain (1.8)1 and (1.1)1 with " D `42=L4 > 0 as a new
small parameter, respectively and ` D  . On the boundary, we impose boundary condition:
u.0; t/ D u.`; t/ D 0 (homogeneous Dirichlet boundary condition). This condition means
that the temperature of wire is specified on the boundary.
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When " D 0, (1.1) becomes the classical heat equation.8ˆ<
:ˆ
ut  uxx D 0; 0 < x < ; t > 0;
u.0; t/ D u.; t/ D 0; t > 0;
u.x; 0/ D f; x 2 0 5 x 5 :
(1.8)
The classical heat equation is classified into parabolic partial differential equation. (1.8) is
well studied (see e.g., [Fri64, Fol95]).
(1.1) and initial value problem of the hyperbolic heat equation are studied by many re-
searchers e.g., [Zla´60, Ned66, FG71, Mat77, GR98, MN03] (see also references therein).
In particular, Nishihara [Nis10] is a nice survey paper on recent development of the Cauchy
problem (not initial boundary value problem). Furthermore, recently Cattaneo’s law and
the idea of Cattaneo [Cat49] are used in the theory of continuum mechanics Racke [Rac02]
and fluid mechanics Paicu & Raugel [PR07] and Racke & Saal [RS10a, RS10b] (see also
references therein).
1.2. Results
In order to state main results of the present paper precisely, we shall introduce notation.
For function f , fx D @f=@x and ft D @f=@t . Let I  R be an interval. Cm.I / (m 2
N [ f0g) denotes the set of all m-times continuously differentiable functions defined on I .
L2.I / denotes the usual L2 space equipped with L2-inner product:
.f; g/ D .f; g/L2 D
Z
I
f .x/g.x/ dx:
k  k2 D
p
.f; f / is the L2-norm of f (see. e.g., [AF03, Fol95]). To denote various
constants, we use the same letters C and c. The constants C and c change from line to line.
Next we shall define the classical solution of (1.1).
Definition 1.1 (classical solution). We call a function u D u".x; t/ classical solution of
(1.1) if (
u 2 C.Œ0;   Œ0;1//;
ux; ut ; uxx; ut t 2 C..0; /  .0;1//
and u satisfies (1.1).
We are now in a position to state our main results. The first result is concerning well-
posedness of (1.1).
Theorem 1.2 (Well-posedness). Let " > 0 be fixed. Then there exists a unique classical
solution u" D u".x; t/ for (1.1) provided that .f; g/ 2 C 3.Œ0; /C 2.Œ0; / with f .0/ D
f ./ D fxx.0/ D fxx./ D g.0/ D g./ D 0. Furthermore, there exist C; c > 0 such
that the following stability estimate holds.
ku".; t /kmax 5 Cect=".kf kmax C kfxkmax C kgkmax/: (1.9)
Here k  kmax D max
05x5
j  j.
A similar stability theorem holds in L2 sense. The following estimate is a direct conse-
quence of exponential decay of the energy which will be defined in the next section.
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Theorem 1.3 (Stability in L2). Let " > 0 be fixed. For any f 2 C 1.Œ0; / and g 2
C.Œ0; /, then there exist C; c > 0 such that the following stability estimate holds.
ku".; t /k2 C ku"x.; t /k2 C ku"t .; t /k2 5 Cect .kf k2 C kfxk2 C kgk2/ ; t > 0:
Next theorem is concerned with limit " goes to zero.
Theorem 1.4 (Relaxation limit). Let T > 0, f 2 C 4.Œ0; / and g 2 C 2.Œ0; /. Let
u" D u".x; t/ be solution of (1.1) with initial data .u"; u"t /jtD0 D .f; g/ and u D u.x; t/
be solution of (1.8) with initial data ujtD0 D f . Then the following estimates holds for any
t 2 .0; T  and x 2 .0; /.
sup
0<t5T
ku".; t /  u.; t /k2 5 C"; sup
0<t5T
ku"x.; t /  ux.; t /k2 5 C";
sup
0<t5T
ku"t .; t /  ut.; t /  et=".g  fxx/k2 5 C
p
":
(1.10)
In addition to the above results, we get a result concerning finite difference approximation
of (1.1). We will explain such a result in Section 5, because we need much page space to
state the result precisely.
1.3. Organization of the paper
This article consists of four sections except the present section.
In Section 2, we will observe the energy functional associated with (1.1). Obtained is an
energy estimate which will play essential role in the proof of L2 stability and uniqueness
of the classical solution. In Section 3, we will show that (1.1) is well-posed in the sense of
Hadamard, provided that the initial data .f; g/ satisfy suitable compatibility conditions. Our
method is Fourier’s constructive method. In Section 4, we will consider the relaxation limit.
Taking into account the derivation of (1.1), it is important to investigate some relationship
between u" and u.
In Section 5, we will consider numerical approach to (1.1). We will give a finite differ-
ence approximations for (1.1) and investigate its numerical stabilities. Furthermore, we will
present some numerical experiments.
 2. Decay estimate of the energy functional
2.1. Energy functional
As was mentioned in Section 1, (1.1) can be regarded as an wave equation with dissipative
term. In the theory of wave equation, the energy functional plays an important role. In
this section we shall observe the energy functional associated with (1.1). For notational
convenience, we denote u" by u.
After the fashion of the wave equation, set
E.t/ D EŒu.t/ D "
2
kutk22 C
1
2
kuxk22: (2.1)
E.t/ denotes the total energy of wave, that is, E.t/ is sum of kinetic energy and potential
energy. For E.t/, the following lemma holds.
Lemma 2.1. The total energy EŒu.t/ is monotone decreasing function with respect to the
time variable t , i.e.,
EŒu.t/ 5 EŒu.0/; t = 0: (2.2)
―134―
Proof. Multiplying ut by both sides of (1.1)1 and using integration by parts we obtain
0 D
Z 
0
."ut t C ut  uxx/ut dx D d
dt

"
2
kutk22 C
1
2
kuxk22

C kutk22:
Here we have used the following formulas:
utut t D 1
2
.u2t /t ; uxtux D
1
2
.u2x/t
and the following boundary condition: ut.0; t/ D ut.; t/ D 0; which is a direct conse-
quence of (1.1)2. Using the energy functional EŒu.t/, obtained relation is rewritten in
d
dt
EŒu.t/C kutk22 D 0; t = 0: (2.3)
Since kutk22 = 0, we have
d
dt
EŒu.t/ 5 0; t = 0:
This implies that E.t/ is monotone decreasing function. In particular, this fact assures that
(2.2) holds. 
2.2. Exponential decay of the energy
In the previous subsection, we saw that E.t/ is monotone decreasing with respect to t .
Next we shall show that E.t/ decays exponentially.
Theorem 2.2 (Exponential decay). There exist C D C" > 0 and c D c" > 0 such that the
following energy decay estimate holds for any t = 0.
EŒu.t/ 5 CectE.0/; t = 0:
In order to show Theorem 2.2, we prepare Poincare´’s inequality (see e.g., Adams and
Fournier [AF03]).
Lemma 2.3 (Poincare´’s inequality). Let f 2 C 1.Œ0; / and f .0/ D 0 .or f ./ D 0/.
Then the following inequality holds.
kf k2 5 p
2
kfxk2: (2.4)
We are ready to prove Theorem 2.2.
Proof of Theorem 2.2. In order to show Theorem 2.2, we employ standard energy method.
Multiplying u by both sides of (1.1)1 and using integration by parts we obtain
d
dt

".u; ut/C 1
2
kuk22

 "kutk22 C kuxk22 D 0:
Here we have used the following formulas:
.uut/t D u2t C uut t ;
1
2
.u2/t D uut :
By (2.1) the above equality is rewritten in the following form.
d
dt

".u; ut/C 1
2
kuk2

D 2"kutk22  2E.t/: (2.5)
Set
F.t/ D .u; ut/C 1
2"
kuk22: (2.6)
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We shall observe F.t/. Since u.0; t/ D u.; t/ D 0, by Poincare’s inequality (2.4), the
Cauchy-Schwarz inequality and the inequality of arithmetic and geometric means, we have
j.u; ut/j D p
2
ˇˇˇ
ˇˇ
 p
2

u; ut
!ˇˇˇ
ˇˇ 5 
2
p
2

2
2
kuk22 C kutk22

5 p
2

1
2
kuxk22 C
1
2
kutk22

5 C0
p
2
E.t/; (2.7)
where C0 D C0."/ WD max.1; 1="/. Hence by (2.6), the triangle inequality and Poincare’s
inequality, we have
jF.t/j 5 j.u; ut/j C 1
2"
kuk22 5
p
2
C0E.t/C 
2
2"
E.t/
5 p
2
C0E.t/C 
2
2
C0E.t/ D C0 p
2

1C p
2

E.t/
D C0C1E.t/

C1 WD p
2

1C p
2

: (2.8)
It should be noted that C0C1 > 0 for any " > 0.
On the other hand, by (2.6) and (2.7), we have
1
"
F.t/ = .u; ut/ = j.u; ut/j = C0 p
2
E.t/: (2.9)
Set G.t/ WD E.t/ C ıF.t/ with ı > 0. By (2.8) and (2.9), G.t/ satisfies the following
estimates. 
1  ıC0 p
2

E.t/ 5 G.t/ 5 .1C ıC0C1/E.t/: (2.10)
By (2.3) and (2.5), differentiating G.t/ with respect to t we have
dG.t/
dt
D dE.t/
dt
C ıdF.t/
dt
D .2ı  1/kutk22  2ıE.t/: (2.11)
Choose ı > 0 in such a way that
2ı  1 < 0; and 1  ıC0 p
2
> 0:
Then by (2.10), we see thatG.t/ and E.t/ are equivalent each other. Furthermore, by (2.11)
and (2.10), we have the following differential inequality for G.t/.
dG.t/
dt
5 2ıE.t/ 5 2ı
1C C0C1ıG.t/ D C2G.t/

C2 WD 2ı
1C C0C1ı > 0

:
Hence we have G.t/ 5 eC2tG.0/. Combining this inequality and (2.10), we have desired
estimate.
E.t/ 5
p
2.1C C0C1ı/p
2  C0ı
eC2tE.0/:
This completes the proof. 
Remark 2.4. As a consequence of Theorem 2.2 and Poincare´’s inequality, we immediately
obtain Theorem 1.3.
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 3. Well-posedness
In this section we shall show the well-posedness of (1.1). For notational simplicity, we
denote u".x; t/ D u.x; t/.
3.1. Formal series solution
In this subsection we shall introduce a formal series solution for (1.1). We seek the
solution of (1.1) of the form: u.x; t/ D '.x/	.t/ 6 0 (separation of variables). Substituting
this relation into (1.1)1, then there exists a constant 
 2 R such that
"	00.t/C 	0.t/
	.t/
D '
00.x/
'.x/
D 
:
From the above equation and (1.1)2, we obtain the following two ordinary differential equa-
tions.
' 00 D 
'; '.0/ D './ D 0: (3.1)
"	00 C 	0 C 
	 D 0: (3.2)
First we consider the eigenvalue problem (3.1). General solution of (3.1) is given by '.x/ D
C1e
px C C2e
px
, where C1 and C2 are arbitrary constant. Taking into account the
boundary condition, we can conclude that 
 is positive. Hence, we have
'n.x/ D
r
2

sinnx .n 2 N/: (3.3)
For 'n.x/, the following lemma holds (see e.g., Yosida [Yos95]).
Lemma 3.1. f'ngn2N is the complete orthonormal system of L2.0; /.
Next we shall observe (3.2) with 
 D 
n D n2. By means of well known quadratic
formula, the characteristic roots of (3.2) are
˙."/ D  1
2"
˙ 1
2"
p
1  4n2":
For any " > 0, there exists an n0 D n0."/ 2 N such that if n > n0 then 1  4n2" < 0,
because of the positivity of ". In what follows, let n0 be the minimum of such an n0. Then,
the characteristic roots are divided into two parts.
"˙.n/ D
8ˆ<
:ˆ
 1
2"
˙ 1
2"
p
1  4n2" 2 R; n < n0;
 1
2"
˙ i
2"
p
4n2"  1 2 C; n = n0;
(3.4)
where i D p1 denotes the imaginary unit. For n < n0,
	n.t/ D et=2"

an cosh

t
2"
p
1  4n2"

C bn sinh

t
2"
p
1  4n2"

; (3.5)
where an; bn are constants will be determined later. By a similar manner, for n = n0, we
obtain
	n.t/ D et=2"

an cos

t
2"
p
4n2"  1

C bn sin

t
2"
p
4n2"  1

: (3.6)
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Remark 3.2. With minor loss of generality, we neglect the case that there is a natural num-
ber n such that 1 4n2" D 0. In such a situation, ˙ are multiple roots of the characteristic
equation. Hence, we have
	n.t/ D et=2" .an C bnt / :
Set un.x; t/ D 	n.t/'n.x/. For each n 2 N, un.x; t/ satisfies (1.1)1 and (1.1)2. Since
(1.1) is linear problem, principle of superposition yields that the following infinite series
formally solves (1.1)1 and (1.1)2.
u.x; t/ D
1X
nD1
un.x; t/; un.x; t/ D 	n.t/'n.x/: (3.7)
Here 	n.t/ and 'n.x/ are given by (3.5), (3.6) and (3.3). Let us determine an and bn so that
(3.7) satisfies initial conditions (1.1)3.
Since 	n.0/ D an for any n 2 N, an should satisfy
f .x/ D
1X
nD1
an'n:
Therefore by Lemma 3.1, we have
an D .f; 'n/ D
r
2

Z 
0
f .x/ sinnx dx: (3.8)
Next we shall determine bn from initial data. From a very elementary calculation, one can
see that
	0n.0/ D
8ˆ<
:ˆ
 1
2"
an C 1
2"
p
1  4n2" bn; n < n0;
 1
2"
an C 1
2"
p
4n2"  1 bn; n = n0:
Hence by Lemma 3.1, we have
bn D
8ˆˆ
<
ˆˆ:
1p
1  4n2"..f; 'n/C 2".g; 'n//; n < n0;
1p
4n2"  1..f; 'n/C 2".g; 'n//; n = n0:
(3.9)
Summing up the above arguments, we have the formal series solution for (1.1).
3.2. Existence and stability
In the previous subsection, we obtained a candidate of solution for (1.1). Since (3.7)
is obtained as a infinite series, we have to show convergence and possibility of termwise
differentiations with respect to t and x.
Let " > 0 be fixed. We shall consider existence of classical solution. Our task is to show
that u.x; t/ uniformly converges and possibilities of termwise differentiation. We divide the
proof into three steps.
Step 1. First we shall show the following proposition.
Proposition 3.3. Let " > 0. For f 2 C 1.Œ0; / with f .0/ D f ./ D 0 and g 2 C.Œ0; /,
there holds
ju.x; t/j < C1: (3.10)
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Proof. Note that there exists an n1 2 N such that n1 = n0 and if n = n1, then n2" <
4n2"  1. This implies that p4n2"  1 is equivalent to np" for any n = n1:
n
p
" 5
p
4n2"  1 5 2np"; n = n1: (3.11)
The latter inequality is trivial. Here and in the followings, let n1 denote the minimum of
such that (3.11) holds. By means of n0 and n1, we divide u.x; t/ into three terms.
u.x; t/ D
n01X
nD1
un.x; t/C
n11X
nDn0
un.x; t/C
1X
nDn1
un.x; t/
D v1.x; t/C v2.x; t/C v3.x; t/:
First we shall estimate v1.x; t/. For n < n0, we see that 1 4" = 1 4n2" > 0. Therefore,
we have
jv1.x; t/j 5
r
2

ect=2"
n01X
nD1
.janj C jbnj/; c D c" D 1C
p
1  4" < 0:
Obviously, jv2.x; t/j < Cet=2". It remains to estimate v3.x; t/. By (3.3) and (3.6), we
have
jv3.x; t/j 5
r
2

et=2"
1X
nDn1
.janj C jbnj/:
Applying the integration by parts to (3.8), we obtain
an D
r
2


f .x/ cosnx
n
ˇˇˇ
ˇ
xD
xD0
C 1
n
Z 
0
fx.x/ cosnx dx

D 1
n
Z 
0
fx.x/
r
2

cosnx dx D 1
n
.fx;  n/; (3.12)
provided that f 2 C 1.Œ0; / and f .0/ D f ./ D 0. Here we have set
 n.x/ D
r
2

cosnx: (3.13)
Therefore by the Cauchy-Schwarz inequality and Bessel’s inequality (see e.g., [Yos95,
Chapter III]), we have
1X
nDn1
janj 5
1X
nDn1
1
n
j.fx;  n/j 5
 1X
nD1
1
n2
!1=2  1X
nD1
j.fx;  n/j2
!1=2
5 Ckfxk2:
Next we shall observe infinite series of jbnj. Since n = n1, (3.11) and (3.9) yield
1X
nDn1
jbnj 5
1X
nD1
1
n
p
"
j.f C 2"g; 'n/j:
Hence by the triangle inequality, Cauchy-Schwarz inequality and Bessel’s inequality we
have
1X
nDn1
jbnj 5 1p
"
 1X
nD1
1
n2
!1=2
kf C 2"gk2 5 C".kf k2 C kgk2/:
This completes the proof of the proposition. 
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Step 2. Next we shall consider termwise differentiability with respect to x and t . Set
v1.x; t/ D
1X
nD1
	n.t/'n;x.x/; v2.x; t/ D
1X
nD1
	n;t.t/'n.x/:
Once we get jv1.x; t/j < 1 and jv2.x; t/j < 1, then we can conclude that ux.x; t/ D
v1.x; t/ and ut.x; t/ D v2.x; t/. First we consider v1.x; t/. In order to show jv1.x; t/j <
1, it suffices to consider the case n = n1. In fact, for n < n1 we have desired estimate as
in Step 1. Since ˇˇˇ
ˇˇ 1X
nDn1
	n.t/'n;x.x/
ˇˇˇ
ˇˇ 5
r
2

et=2"
1X
nDn1
n.janj C jbnj/;
it is enough to show that
1X
nDn1
n.janj C jbnj/ < 1: (3.14)
As is Step 1, by virtue of integration by parts,
an D 1
n
Z 
0
fx.x/
r
2

cosnx dx
D 1
n2
fx.x/
r
2

sinnx
ˇˇˇ
ˇ
xD
xD0
 1
n2
Z 
0
fxx.x/
r
2

sinnx dx
D  1
n2
.fxx; 'n/: (3.15)
Similarly, we have
bn D 1p
4n2"  1
1
n
..fx;  n/C 2".gx;  n//; (3.16)
provided that g satisfies g.0/ D g./ D 0.
We are ready to show (3.14). By (3.15), we see that nan D .fxx; 'n/=n. Hence by the
Cauchy-Schwartz inequality and Bessel’s inequality, we obtain
1X
nDn1
njanj 5
X
nDn1
1
n
j.fxx; 'n/j 5 Ckfxxk2: (3.17)
By (3.11) and (3.16), similar arguments yield the following estimate.
1X
nDn1
njbnj 5 1
n
p
"
j..fx;  n/C 2".gx;  n//j 5 C".kfxk2 C kgxk2/: (3.18)
From (3.17) and (3.18) we have desired estimate (3.14).
Next we observe v2.x; t/. When n = n1, by an easy computation, we have
	0n.t/ D 
1
2"
et=2"

an cos

t
2"
p
4n2"  1

C bn sin

t
2"
p
4n2"  1

C 1
2"
et=2"
p
4n2"  1

an sin

t
2"
p
4n2"  1

C bn cos

t
2"
p
4n2"  1

:
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It remains to show that
1X
nDn1
p
4n2"  1.janj C jbnj/ < 1: (3.19)
By (3.11), we have the following estimate.
1X
nDn1
p
4n2"  1.janj C jbnj/ 5 2
p
"
1X
nDn1
.njanj C njbnj/
Therefore (3.19) follows from (3.14).
Step 3. In the final step, we shall show that termwise differentiability of second order
derivatives. For
w1.x; t/ D
1X
nD1
	n.t/'n;xx.x/; w2.x; t/ D
1X
nD1
	n;t t.t/'n.x/;
our task is to show jw1.x; t/j < 1 and jw2.x; t/j < 1. By similar computations as in
Step 1 and Step 2, one can show that
jw1.x; t/j < C1; jw2.x; t/j < C1;
provided f 2 C 3.Œ0; / with f .0/ D f ./ D f 00.0/ D f 00./ D 0 and g 2 C 2.Œ0; /
with g.0/ D g./ D 0.
By the above three arguments, we have existence of the classical solution. Furthermore,
noting that for f 2 C.Œ0; /,
kf k22 D
Z 
0
jf .x/j2 dx 5 kf k2max;
we have exponential stability of the classical solution.
3.3. Uniqueness
In the previous subsection, we obtained existence and stability of the classical solution. It
remains to show the uniqueness. With the aid of Lemma 2.1, we shall show the uniqueness
of solutions.
Proposition 3.4. The classical solution of (1.1) is unique.
Proof. Let u1 and u2 be solutions of (1.1) with the same initial data f and g. Set w D
u1  u2. Since (1.1) is linear problem, by principle of superposition we see that w satisfies
the following initial boundary value problem:8ˆ<
:ˆ
"wt t C wt  wxx D 0; 0 < x < ; t > 0;
w.0; t/ D w.; t/ D 0; t > 0;
w.x; 0/ D 0; wt.x; 0/ D 0; 0 5 x 5 :
(3.20)
Applying Lemma 2.1 to (3.20), we have
EŒw.t/ 5 EŒw.0/ D 0
for any t = 0. Hence we have kwtk2 D 0 and kwxk2 D 0. Hence by mean value theorem,
we conclude that w  0 for any .x; t/ 2 Œ0;   Œ0;1/. 
 4. Relaxation limit
This section is devoted to proof of Theorem 1.4.
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4.1. Perturbation problem
Our purpose here is to show that u".x; t/ ! u.x; t/ as " ! C0 provided that f and g
satisfy suitable compatibility conditions.
In order to get an estimate for u"t , we shall seek the solution of (1.1) of the form:
u".x; t/ D u.x; t/C ".x/	.t/C "v".x; t/: (4.1)
Here v" D v".x; t/ is new unknown function; u D u.x; t/ is the classical solution of (1.8)
with initial datum f .x/; .x/ and 	.t/ are correction terms in consideration of initial time
layer. These correction terms will be determined later.
We shall determine .x/ and 	.t/ in such a way that v" satisfies v".0; t/ D v".; t/ D 0
and v".x; 0/ D v"t .x; 0/ D 0. Substituting t D 0 into (4.1), we have
f D f C "v".x; 0/C ".x/	.0/:
If we take 	.0/ D 0, then we have v".x; 0/ D 0 for any " > 0. Differentiating (4.1) with
respect to t and substituting t D 0, we have
g D fxx C "v"t .x; 0/C ".x/	t.0/:
Here we have assumed that u satisfies the equation at t D 0. Namely, ut jtD0 D uxxjtD0 D
fxx . If we take 	t.0/ D 1=" and .x/ D .g  fxx/, then v"t .x; 0/ D 0 for any " > 0.
Substituting (4.1) into (1.1)1, we have the following equation for v".
"v"t t C v"t  v"xx D ut t C "	t t C 	t  xx	:
We assume that 	.t/ solves the following initial value problem of ordinary differential equa-
tion.
"	t t C 	t D 0; t > 0I 	.0/ D 0; 	t.0/ D 1
"
:
We have 	.t/ D .1  et="/. Clearly, sup">0 	.t/ D O.1/.
Summing up the above arguments, we shall seek the solution of (1.1) of the form:
u".x; t/ D u.x; t/C ".g  fxx/.1  et="/C "v".x; t/: (4.2)
The second term of the right hand side (4.2) is our choice of correction term in consideration
of initial time layer. Similar consideration can be found in Zla´mal [Zla´60] and Nedoma
[Ned66].
Substituting (4.2) into (1.1) and using the properties of the correction terms, we see that
v" satisfies the following initial boundary value problem.8ˆ<
:ˆ
"v"t t C v"t  v"xx D R".x; t/; 0 < x < ; t > 0;
v".0; t/ D v".; t/ D 0; t > 0;
v".x; 0/ D 0; v"t .x; 0/ D 0; 0 5 x 5 ;
(4.3)
where
R".x; t/ D ut t C .g  fxx/xx.1  et="/: (4.4)
Our task is to show that kv"k2 5 C with some positive constant C .
We shall estimate the L2-norm of v"t by energy argument. Multiplying v"t by both side of
(4.3) and integration by parts, we have
d
dt

"
2
kv"t k22 C
1
2
kv"xk22

C kv"t k22 D .R"; v"t /:
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By the Cauchy-Schwarz inequality and the inequality of arithmetic and geometric means,
we obtain the following estimate.
.R"; v
"
t / 5
1
2
kR"k2k2v"t k2 5
1
4
kR"k22 C 4kv"t k22 :
Hence we have the following first order differential inequality.
d
dt

"
2
kv"t k22 C
1
2
kv"xk22

5 1
4
kR"k22:
Since v".x; 0/ D v"t .x; 0/ D 0, integrating the above differential inequality we have
"
2
kv"t k22 C
1
2
kv"xk22 5
1
4
Z t
0
kR".; s/k22 ds 5
T
4
sup
05s5T
kR.; s/k22: (4.5)
Since u D u.x; t/ is classical solution of (1.8), it follows that kut tk2 < 1 for any t = 0,
provided that f 2 C 4.Œ0; /. According to (4.4), we have
sup
05s5T
kR".; s/k2 5 sup
05s5T
kut t.s/k2 C sup
05s5T
.1  es="/kgxx  fxxxxk2
< sup
05s5T
kut t.s/k2 C kgxx  fxxxxk2 < 1;
which combined with (4.5) yields
kv"xk2 5 CT ; kv"t k2 5
CTp
"
: (4.6)
4.2. Proof of Theorem 1.4
We are now in a position to show the proof of Theorem 1.4.
Proof of Theorem 1.4. By (4.6) and Poincare’s inequality
ku".t/  u.t/k2 5 "kv".t/k2 C ".1  et="/k.g  fxx/k2
5 "

Ckv"x.t/k2 C .1  et="/kg  fxxk2

5 CT ":
By a similar manner, we have
ku"x.t/  ux.t/k2 5 "kv"x.t/k2 C ".1  et="/kgx  fxxxk2 5 CT ":
Differentiating (4.2) and using (4.6), we have
ku"t .t/  ut.t/  .g  fxx/et="/k2 5 CT
p
": (4.7)
The proof of Theorem 1.4 is completed. 
Remark 4.1. If (1.8) is satisfied at t D 0, then ut.x; 0/ D uxx.x; 0/ D fxx. Therefore,
taking g D fxx seems to be natural in some sense. If we assume that g D fxx , then (4.7)
can be refined as follows.
ku"t .; t /  ut.; t /k2 5 CT
p
":
 5. Finite difference approximation
In this section we shall consider finite difference approximation of (1.1) and numerical
simulation. We consider the problem in the bounded interval .0; 1/ for simplicity.
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5.1. Finite difference approximation
In order to give a finite difference approximation for (1.1), here we shall introduce basic
setting. Let T be a positive real number which is maximal observation time and let J 2 N
andN 2 N. Setx D 1=J as the spatial step size andt D T=N as the temporal step size.
Define xj D jx (j D 0; 1; : : : ; J ) and tn D nt (t D 0; 1; : : : ; N ). It should be noted
that x0 D 0, xJ D Jt D 1, t0 D 0 and tN D Nt D T . For notational convenience,
set J D f1; 2; : : : ; J  1g and J D f0; 1; : : : ; J  1; J g. Let unj D u.xj ; tn/ denote the real
solution of (1.1) and let U nj denote an approximation of unj .
Now we shall consider finite difference scheme for (1.1). Using central difference ap-
proximation ut t.xj ; tn/ and uxx.xj ; tn/ are approximated the following ways.
ut t.xj ; tn/ 
U nC1j  2U nj C U n1j
.t/2
; uxx.xj ; tn/ 
U njC1  2U nj C U nj1
.x/2
: (5.1)
These choices are rather standard. Contrary to the second order derivatives, there are several
ways for approximation of ut . In order to approximate ut , we are due to standard forward
difference, that is,
ut.xj ; tn/ 
U nC1j  U nj
t
(5.2)
Hence by (5.1) and (5.2), we have
"
U nC1j  2U nj C U n1j
.t/2
C U
nC1
j  U nj
t
 U
n
jC1  2U nj C U nj1
.x/2
D 0: (5.3)
for j 2 J and n = 1. Solve (5.3) with respect to U nC1j , we obtain the following difference
equation.
U nC1j D
"
"Ct .2U
n
j U n1j /C
t
"Ct U
n
j C
.t/2
."Ct/.x/2 .U
n
jC12U nj CU nj1/; (5.4)
j 2 J and n = 1.
Remark 5.1. For fixed t > 0 and x > 0, passing the limit " ! 0 in (5.4) we have the
following difference equation.
U nC1j D U nj C
t
.x/2
.U njC1  2U nj C U nj1/: (5.5)
(5.5) is known as an explicit formula for Fourier’s heat equation (1.8) (see e.g., John [Joh67,
Chapter 6]). It is well known that (5.5) is numerically stable provided thatt=.x/2 < 1=2.
From this fact, we expect that (5.4) is also numerically stable under a similar condition.
Numerical stability of (5.4) will be discussed in the next subsection.
Next we consider the boundary condition. Since un0 D unJ D 0 for any n = 1, we set
U n0 D U nJ D 0; n = 1: (5.6)
Finally, we shall consider the initial condition. From (5.4), .nC1/-th components fU nC1j gj2J
are determined by fU nj gj2J and fU n1j gj2J. Therefore, in order to compute fU nj gj2J for
n = 2, we have to determine fU 0j gj2J and fU 1j gj2J by initial conditions.
How to determine U 0j is also quite easy. Since u0j D f .xj / for j 2 J, let us set
U 0j D f .xj /; j 2 J: (5.7)
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An important problem is how to determine U 1j by initial data. Since u1j D u.xj ; t1/ D
u.xj ; t/ , by virtue of Taylor’s theorem at t D 0, we have
u1j D u.xj ; 0/C .t/ut.xj ; 0/CO..t/2/
D f .xj /C .t/g.xj /CO..t/2/
provided that u 2 C 3 with respect to time variable. Therefore, truncating 2nd and higher
order terms we have the following approximation of u1j .
u1j  U 1j D f .xj /C .t/g.xj /: (5.8)
Summarizing the above computation, we have a finite difference approximation of (1.1).
5.2. Numerical stability
It is quite important to investigate that numerical solution of finite difference scheme
converges to original solution whent andx goes to zero under suitable condition. In this
subsection we shall study numerical stability of the finite difference scheme introduced in
the previous subsection. To argue numerical stability, we are due to the method of separation
of variables. Set
U nj D an exp.ijx/; (5.9)
where i D p1 is the imaginary unit and  2 R. Substituting (5.9) into (5.4), we have the
following recurrence equation for an.
."Ct/anC1 D .2"Ct/an  "an1 C .t/
2
.x/2
.2 cos.x/  2/an
D

2"Ct  4 sin2 x
2
.t/2
.x/2

an  "an1
D .2"Ct  4˛2/an  "an1

˛ WD sin x
2
t
x

:
Here we have used Euler’s formula and addition formula of the trigonometric function.
Now we shall consider a sufficient condition for uniformly convergence of the above
recurrence equation for any  2 R. In order to do so, we observe the following characteristic
equation of the above recurrence equation.
."Ct/
2  .2"Ct  4˛2/
C " D 0: (5.10)
If j
j 5 1 for any  2 R, then our finite difference scheme is numerically stable.
Our task is to investigate some conditions that j
j < 1 holds for any  2 R. By the
solution formula of (5.10), we have

˙."/ D .2"Ct  4˛
2/˙ pD
2."Ct/ ;
D D .2"Ct  4˛2/2  4"."Ct/:
(5.11)
(i) Case: D < 0. In this case pD D ipD and (5.10) has complex roots. By an
elementary calculation, we have
j
˙."/j D .2"Ct  4˛
2/2 D
4."Ct/2 D
4"."Ct/
4."Ct/2 D
"
"Ct < 1 (5.12)
for any  2 R, because " > 0 and t > 0.
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(ii) Case: D D 0. In this case (5.10) has multiple real root: 
C D 
. We shall observe
that condition for the following inequality.
j
."/j D
ˇˇˇ
ˇ2"Ct  4˛22."Ct/
ˇˇˇ
ˇ < 1:
From this inequality, we have the following two inequalities.
2."Ct/ < 2"Ct  4˛2; 2"Ct  4˛2 < 2."Ct/
Since ˛2 > 0, it is clear that the inequality of right side holds for any  2 R. By the
inequality of left side, we have
4
4"C 3t ˛
2 D 4
4"C 3t sin
2 x
2
.t/2
.x/2
< 1: (5.13)
Therefore, if t and x satisfy
4
4"C 3t
.t/2
.x/2
< 1; (5.14)
then the estimate (5.13) is satisfied for any  2 R. Hence for given " > 0, x and t
satisfies (5.14), (5.13) is satisfied.
(iii) Case: D > 0. In this case (5.10) has two different real roots. By the fundamental
relations, we have the following two formulas.

C."/C 
."/ D 2"Ct  4˛
2
"Ct ; 
C."/
."/ D
"
"Ct : (5.15)
Since "=."Ct/ > 0, the sign of 
C."/ and 
."/ must be the same.
When the sign of roots are positive, 
C."/ > 
."/ > 0. Therefore, we have to consider
the condition that 
C."/ < 1. From (5.11), 
C."/ < 1 is is equivalent top
D < .4˛2 Ct/:
Since
p
D > 0 and 4˛2 Ct > 0, by the above inequality we have
D D .2"Ct  4˛2/2  4"."Ct/ < .4˛2 Ct/2;
which implies that " < t . It is clear that this inequality holds for any  2 R, because "
and t are positive.
Next we consider the case that 
."/ < 
C."/ < 0. It is enough to investigate that
1 < 
."/. From (5.11), 1 < 
."/ is equivalent top
D < 4"C 3t  4˛2:
Since
p
D > 0, 4"C 3t  4˛2 > 0 should be satisfied. This inequality are already treated
in the case (ii). When 4"C 3t  4˛2 > 0, we obtain
D D .2"Ct  4˛2/2  4."Ct/ < .4"C 3t  4˛2/2:
By an elementary calculation, we see that the above inequality is equivalent to
2˛2."Ct/ < 2"2 C 3"t C .t/2 D .2"Ct/."Ct/:
Since " > 0 and t > 0, we have
1
.2"Ct/˛
2 D 1
.2"Ct/
.t/2
.x/2
sin2
x
2
<
1
2
:
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Therefore, if t and x satisfy
r".t;x/ WD 1
.2"Ct/
.t/2
.x/2
<
1
2
; (5.16)
then j
˙."/j < 1 for any  2 R.
From the above three arguments, we obtained two conditions: (5.14) and (5.16) for nu-
merical stability of our finite difference approximation. It should be remarked that if x
andt satisfy condition (5.16), then (5.14) is automatically satisfied. In fact, one can easily
see that
4
4"C 3t <
2
2"Ct (5.17)
for any " > 0 and t > 0. This implies that (5.16) is stronger than (5.14). Therefore we
shall concentrate our attention to (5.16).
The above arguments are summarized as follows.
Theorem 5.2 (Numerical stability). Let " > 0. If t and x satisfy condition (5.16) for
given " > 0. Then (5.4) is numerically stable.
Remark 5.3. Passing the limit " ! C0 in (5.16), we have
t
.x/2
<
1
2
This is the well-known stability condition for the explicit formula for the Fourier’s heat
equation (see [Joh67]). On the other hand, when " 	 1, (5.16) approximately leads
t
x
/
p
":
This is also the well-known CFL condition for the pure wave equation with characteristic
speed " > 0.
5.3. Numerical examples
In this subsection we shall give some results of numerical experiments. In what follows,
we set f .x/ D 4x.1  x/ and g.x/ D 0. It is clear that f .x/ satisfies boundary condition:
f .0/ D f .1/ D 0.
First we consider the stability condition in Theorem 5.2. Fix " D 0:010000 and x D
0:125000 .J D 8/. For these " andx, we consider the following two cases.
Case 1: t D 0:020000. In this case r".t;x/ D 0:64000 > 0:500000. Therefore our
finite difference approximation will not work well. In fact, the numerical solution diverges
when n goes up (see Figure 5.1).
Case 2: t  0:016667. In this case r".t;x/  0:484848 < 0:500000. Hence by
Theorem 5.2 difference solution will be stable. In contrast to Case 1, the numerical solution
decays like Fourier’s heat equation (see Figure 5.2).
We shall present two figures below. In both figures red line stands for the initial tempera-
ture f .x/ D 4x.1  x/.
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xu
O 1
1
Figure 5.1. t D 0:020000: (5.16)
is not satisfied.
x
u
O 1
1
Figure 5.2. t  0:016667: (5.16)
is satisfied.
Next we shall show contour maps for the cases " D 0:010000 and " D 1:000000. Fig-
ure 5.3 and Figure 5.4 are contour map of the case " D 0:010000 and " D 1:000000,
respectively. In both figures, we take J D 200 and t is sufficiently small so that (5.16) is
satisfied.
In the case " D 0:010000 the numerical solution behaves like Fourier’s heat equation,
that is, solution decays without sign changing (see Figure 5.3). When " D 1:000000, the
solution of (1.1) behaves like pure wave equation with characteristic speed p". However
(1.1) has a friction term, the absolute value of solution decay when t goes up.
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Figure 5.3. Contour map: " D 0:010000.
―148―
 0  0.5  1  1.5  2  2.5  3  3.5  4
t
 0
 0.2
 0.4
 0.6
 0.8
 1
x
-1
-0.8
-0.6
-0.4
-0.2
 0
 0.2
 0.4
 0.6
 0.8
 1
Figure 5.4. Contour map: " D 1:000000.
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